We present a formulation of the coupling of vector multiplets to N = 2 supergravity which is symplectic covariant (and thus is not based on a prepotential) and uses superconformal tensor calculus. We do not start from an action, but from the combination of the generalized Bianchi identities of the vector multiplets in superspace, a symplectic definition of special Kähler geometry, and the supersymmetric partners of the corresponding constraints. These involve the breaking to super-Poincaré symmetry, and lead to on-shell vector multiplets. This symplectic approach gives the framework to formulate vector multiplet couplings using a weaker defining constraint for special Kähler geometry, which is an extension of older definitions of special Kähler manifolds for some cases with only one vector multiplet.
Introduction
The understanding of the most general coupling of vector multiplets in N = 2 supersymmetry or supergravity is important in very different contexts. It is used in the context of the low-energy effective actions of supersymmetric gauge theories and their coupling to hypermultiplets [1] . It is also an essential element in the compactification of string theory on Calabi-Yau manifolds [2] . This general coupling has been studied for the supergravity case in [3, 4] and has been given the name special geometry [5] . The similar coupling in rigid supersymmetry was obtained in [6] and is referred to as 'rigid special geometry'.
Historically, the coupling of several N = 2 matter multiplets to N = 2 supergravity in four dimensions was found using superconformal tensor calculus [7, 8, 3, 4, 9] . Superconformal actions are built with representations of a larger algebra, the N = 2 superconformal one. The residual symmetries are broken by introducing two compensating multiplets (one vector multiplet to give rise to the graviphoton in the Poincaré gravity multiplet and a hyper-, a linear or a nonlinear multiplet) to end up with an N = 2 Poincaré supergravity theory coupled to N = 2 matter multiplets. Reviews on superconformal tensor calculus can be found in [10] . The superconformal construction clarifies the origin of many terms in the action. Here we will confine ourselves to the coupling of vector multiplets to supergravity, where after breaking the superconformal symmetry, the complex scalars of the vector multiplets form a special Kähler manifold.
A prepotential, a holomorphic function of second order, was an essential ingredient to construct the theory. In [11, 12, 13] , other approaches were used to describe the coupling of vector multiplets to supergravity.
Electric-magnetic duality transformations in four dimensions manifest themselves by symplectic transformations [14] . Symplectic transformations in a special Kähler manifold have been studied in [4, 15] . The duality symmetry is not a symmetry of the complete action, but only of the equations of motion. In particular, the prepotential is not an invariant of the symplectic transformations. On the other hand, for a coordinate-free formulation of special geometry [11] , the symplectic symmetry is an essential ingredient. The symplectic set-up also clarified the link to Calabi-Yau manifolds [2] . In [16] , vector multiplet couplings to supergravity were constructed for which no prepotential existed, by performing a symplectic transformation of an action based on a prepotential. The resulting action was thus not based on a prepotential. The first and main purpose of this paper is to obtain a symplectic covariant formulation of the coupling of vector multiplets to N = 2 supergravity which at the same time uses su-perconformal tensor calculus. In particular, it should thus contain the coupling of [16] . For obtaining an action in superconformal tensor calculus, one needs a prepotential, and hence to give up the symplectic covariance. The combination of superconformal and symplectic covariance will, however, be possible if we only construct equations of motions without an action.
The various possible actions and geometric formulations were compared in [17] , and one has arrived at a new definition of special geometry (also the definition for the case of rigid supersymmetry is given there). Remarkably, it was also noticed that one part of the definition, expressed by differential constraints, can be formulated in two different ways. These two forms are equivalent when more than one vector multiplet is coupled to supergravity, but inequivalent if only one vector multiplet is coupled. The presentation in [17] contained the constraints such that for one vector multiplet the coupling known previously (e.g. from superconformal tensor calculus) is obtained. However, it was noted that another form of the constraints is possible, which is also symplectic covariant. Obvious physical arguments could not exclude the existence of hitherto unknown couplings of 1 vector multiplet to supergravity which obey the weaker constraint, and not the stronger one. The second aim of this paper is to show that such new couplings are indeed possible.
To be more explicit, let us repeat here one of the formulations of the 3 equivalent definitions of a special Kähler manifold of [17] 1 . The most suitable definition for our discussion is formulated in terms of symplectic products. It is the one which was denoted as definition 3.
Definition of a special Kähler manifold
Take a complex manifold M. Suppose we have in every chart a 2(n + 1)-component vector V (z α ,z α ) such that on overlap regions there are transition functions of the form
(f (z α )−f (z α )) S , (
with f a holomorphic function and S a constant Sp(2(n + 1), IR) matrix. (These transition functions have to satisfy the cocycle condition.) Take a U(1) connection of the form κ α dz α + κᾱ dz α with
The first one is not explicitly symplectic covariant, but we could as well have discussed here definition 2, where the constraint relevant for the discussion below was formulated as v, ∂ α v = 0. The alternative form is then
under whichV has opposite weight as V . Denote the covariant derivative by D:
We impose the following conditions:
where ·, · denotes the symplectic inner product, e.g. V,V = V T ΩV , with an antisymmetric matrix Ω, which has as standard form 
The real part of K ′ is the Kähler potential K. If there is an imaginary part Im 11) satisfies the same constraints with K ′ replaced by the real K.
As discussed at the end of section 4.2.2 in [17] , the constraints have a clear physical interpretation, related to the positivity of kinetic terms in the action. However, as suggested there already, the fourth constraint (1.7) could be replaced by 12) without violating the physical arguments. The constraint 4 implies 4 ′ , by taking a covariant derivative and antisymmetrizing, and with 4 ′ it was shown that 4 follows when n > 1. However, for n = 1, equation 4 ′ is empty. Taking 4 ′ as constraint thus allows V, U z = 0. Such N = 2 models would be new, and this possibility will be investigated in this paper. It will be called 'the special case'. The case with n > 1 or V, U α = 0 will be called 'the generic case'. In appendix C of [17] , two n = 1 examples are given where the condition (1.7) is not fulfilled. In these examples it was shown that the relaxation of that constraint leads to models not allowed by other definitions of special geometry. Here we will first give further evidence of the non-triviality of this condition. The main result will be that indeed models which violate (1.7), still allow an N = 2 supersymmetric formulation.
The scalars of the special Kähler manifolds are contained in the θ = 0 sector of chiral superfields of N = 2 supersymmetry. A chiral multiplet is a reducible representation of N = 2 supersymmetry. After imposing suitable constraints, it gives a vector multiplet. In rigid supersymmetry these constraints can be written in superspace for a symplectic section of superfields or, in components, as a linear multiplet of constraints of symplectic sections [17, 18] . With a standard symplectic metric (1.8), the rigid special Kähler constraints can be used to write the lower part of the symplectic sections V in terms of the upper one. The reducibility constraints for the lower parts of the sections then give rise to the field equations of the fields in the upper parts. We want to use this approach to construct the field equations of vector multiplets, coupled to N = 2 supergravity.
Chiral and vector multiplets can also be defined as representations of the local superconformal algebra. Then the fields of the gauge multiplet of the superconformal gauge invariances, which is the Weyl multiplet, enter in the transformation rules of the multiplets [7, 8] . To describe the coupling of n on-shell vector multiplets to supergravity, we will start from 2n + 2 chiral multiplets. The linear multiplet of constraints which reduce these chiral multiplets to vector multiplets in supergravity will contain additional terms with fields of the Weyl multiplet [7] .
The equations that follow by supersymmetry from this weak definition of special Kähler geometry are derived for the complete set of 2n + 2 chiral multiplets. The constraints defining special Kähler geometry involve a breaking of dilatations and the U(1) transformations in the superconformal group. We also choose a symplectic fermionic constraint as the gauge choice for S-supersymmetry. Special conformal symmetry is broken by a choice for the dilatation gauge field as in previous approaches. So finally, this leads to the breaking of superconformal to super-Poincaré spacetime symmetry with a residual internal SU(2) in a consistent way, without relying on a prepotential or an action. Combining the reducibility constraints with the constraints of special Kähler geometry we find n on-shell vector multiplets, coupled to 24 + 24 supergravity components, remnants of the Weyl multiplet.
These 24 + 24 components reside in a 'current multiplet', which we identify as a reduced chiral self-dual superfield. The full supergravity equations, however, would rely on a second compensating multiplet, which is independent of the symplectic formulation. For these aspects we refer to the 3 known constructions of auxiliary field formulations [19, 7] .
In section 2, the building blocks of the construction, the Weyl multiplet and the chiral multiplet, are given. Their supersymmetry transformation rules and the constraint to make a vector multiplet out of a chiral are recapitulated. In section 3 the special Kähler constraints and the supersymmetric relatives are treated for the most general case. In section 4 we combine the constraints imposed on the chiral multiplets and those found in section 3 to find on-shell vector multiplets. Finally, we comment on the remaining off-shell components of supergravity and their field equations. We recapitulate our results in section 5.
The building blocks of the construction
In this section we review the Weyl multiplet, i.e. the gauge multiplet of the N = 2 superconformal symmetry, and the superconformal chiral multiplet, coupled to the Weyl multiplet. Most of the material presented here is well known (see e.g., [8, 20] ) 2 .
The Weyl multiplet
The Weyl multiplet is the gravitational multiplet of N = 2 superconformal gravity. It contains the gauge fields e ab is the antiself-dual tensor, and its complex conjugate T abij is self-dual. The spin connection and the gauge fields for the special conformal transformations and special supersymmetry are composite gauge fields, given by
2 However, here we use different normalizations, more suited for a manifestly symplectic formulation of the theory. We use the notations of [21] . So the old supersymmetry parameters are 1/ √ 2 the new ones and the old fermionic fields are √ 2 the new ones. Also keep in mind that ε 0123 = i.
e µ a D (2.1)
The following expressions are used in f µ a :
Also, D µ is covariant with respect to the linearly realized symmetries: Lorentz transformations, dilatations, U(1) and SU (2), i.e. 
The expression for the superconformal covariant curvaturesR and the other transformation rules (in terms of the old conventions) were given in [7] .
The chiral multiplet
A chiral multiplet is a reducible representation of the superconformal algebra [8] . By imposing a linear multiplet of constraints it becomes a vector multiplet. This is an irreducible representation of the superconformal algebra. The constraints are called the generalized Bianchi identities, because they contain a Bianchi identity for the tensor in the chiral multiplet.
Later we want to couple vector multiplets to conformal supergravity. The scalars of these vector multiplets form a symplectic section. They are the lowest components of a multiplet. Therefore, all the components of the multiplets have to form such a symplectic section. This is the reason to start from a (2n + 2)-dimensional section of chiral multiplets:Φ
The components of the section are denoted bỹ
with I = 0, . . . , n, which gives for the components of the chiral superfield
This section of multiplets is independent of the existence of a prepotential. The multiplets starting with F I are on an equal footing with the ones starting with X I . As long as we do not impose the constraints to obtain a vector superfield or the special Kähler constraints these are 2n + 2 independent chiral multiplets. The full superconformal transformation rules are given by
This superconformal chiral superfield can be reduced to a vector superfield with the constraints
14)
The symplectic vector of chiral multiplets with these constraints define 2n + 2 vector multiplets in superconformal gravity. The special Kähler constraints will relate them such that one ends up with n + 1 vectors and n complex scalars and spinors obeying field equations.
Gauge choices and special Kähler constraints
To obtain a Poincaré supergravity theory of n vector multiplets, we start from the assumption that the components in the symplectic sections V are the lowest components of reduced chiral multiplets, as is the case in previous constructions of matter couplings in N = 2 supergravity. To achieve that, we have to impose the reducibility constraints (2.11)-(2.14) on the chiral multiplets and suitable constraints that impose restrictions on the sections such that the resulting theory contains n physical vector multiplets and the gravity multiplet. The superfluous symmetries of the superconformal construction need to be broken by suitable gauge choices. The symplectic section V can be seen as a function of n scalars z α and their complex conjugateszᾱ (α = 1, ..., n). These scalars can be interpreted as the coordinates of a special Kähler manifold.
Having introduced K ′ in (1.10), we have exhausted constraint (1.6). The remaining relevant constraints are then (1.4), (1.5), and we will take the formulation with (1.12). Condition (1.4) gauge fixes the dilatations, choosing the canonical kinetic term for the graviton. Equation (1.5) imposes the holomorphicity of the scalar fields. For the symmetry of the kinetic matrix of the vectors, one needs another constraint, which is (1.12). In all previous papers on special geometry, one imposed instead (1.7), which is equivalent for n > 1, but not for n = 1 as mentioned in the introduction. There is no physical argument known to demand (1.7), but up to now, no physical applications have been found that do not fulfil it.
We have thus seen that we can look upon equations (1.4) and (1.5) in two ways. They are the defining equations of special geometry, as well, they can be considered as gauge choices for the dilatations and chiral U(1) transformations present in the superconformal algebra. As we will see below a supersymmetric extension of these constraints will include the gauge choice of S-supersymmetry.
Furthermore, we impose the 'physical' condition (positivity of the kinetic energy terms of the vectors [17] ) that
Using the constraints it can be shown that
forms for every z,z a basis for symplectic vectors. More information about the expansion coefficients can be found in appendix A. This expansion will be used in the derivation of the supersymmetric extension of the special Kähler constraints and of the field equations.
The constraint on the curvature
Covariant derivatives involve the Kähler connection as in (1.3), and after choosing a real Kähler potential one may define a Kähler weight 4 p for a symplectic section W , such that
If W carries indices α orᾱ there is a further metric connection, defined such that D α g βγ = 0. The curvature of the special Kähler manifold is then defined by
where X α is a generic vector with Kähler weight p. Applying this for X α replaced by U α and taking the symplectic inner product withŪδ one finds
If we introduce a symmetric tensor
and expand the last term of (3.6) in the basis W according to appendix A we obtain the following two cases: 1.The generic case : 8) and the curvature is constrained to
2.The special case : In a similar way one finds that in this case
The curvature becomes
An adapted basis and metric for the special case
When Z z = 0, one may diagonalize the matrix of symplectic products between V,V , U z andŪz by defining U
We then have symplectic products
In this way we find the Hermitian metric g ′ zz which is invertible because of (3.2), but is not the second derivative of the Kähler potential K, used to define the covariant derivatives in (3.4) . With this definition, covariant derivatives on the above equations lead to
The defining expressions for U z and Z z imply 15) which in the new basis give
When we define D ′ with metric connection such that D 
The analogue of (3 .7) is then the definition
We define then the curvature based on the metric
Observe that the first term has g and not g ′ as this is the Kähler curvature. Calculating as before the curvature R ′ by replacing X z with U ′ , and an inner product withŪ ′ , the last terms in (3.16) lead to extra terms such that we find
Rephrasing as much as possible in terms of the metric g ′ zz , we thus recover another geometry as for other special Kähler models. There is an essential difference in the product of metrics in (3.6) and here. We tried to extend our analysis in the basis
, but ran into problems with the transformation rules because we want V to be the lowest component of a chiral multiplet. So, it is not possible to get rid of Z z = 0 by choosing another basis while keeping a section of chiral multiplets. The model with Z z = 0 is really another model compared to those studied in the past.
For some calculations below, it is also useful to introduce another basis with symplectic vectors orthogonal to U. That is, we introduce
Supersymmetric extension of special Kähler constraints
It is clear that the constraint (1.4) breaks the superconformal symmetry. The constraints and their supersymmetric partners therefore play the role of gauge conditions for some of the superconformal symmetries. The residual symmetry should then still contain the symmetries of Poincaré supergravity. In this subsection we will derive the supersymmetric partners of the constraints (1.4), (1.5) and (1.12), and compute the decomposition rule for the resulting supergravity, i.e. the rule which gives the remaining symmetry as a linear combination of the original, superconformal, symmetry.
Gauge choices and decomposition rule
Before we go to these constraints, we break the special conformal symmetry by imposing a constraint on b µ : K-gauge: b µ = 0 . Remark that after this gauge choice the decomposition rule (3.25) simplifies to such that we can forget about the original dilatations completely. Demanding that the sections V depend on z α andzᾱ in the way described in (1.3)-(1.5), is a gauge choice for the chiral U(1)-transformations. In fact, consider the transformation of the first line of (2.10) using these equations:
An inner product withV gives (using (1.4) and its covariant derivative) a decomposition rule for the U(1)-transformations, i.e.
where we have already used (1.10). The decomposition rule for δ S (η i ) follows from the variation of the S-gauge:
From now on, we only request that the constraints are invariant under the resulting Poincaré supersymmetry
with Λ K , Λ A and η i defined in (3.24), (3.29) and (3.30).
Having the symplectic sections as functions of z andz, we can consider the transformations of the bosonic constraints (1.4)-(1.6) and (1.12) . The variation of the first one determined the breaking of dilatations. The constraints (1.5) and (1.6) are used to determine the z,z dependences of V , U and K and their supersymmetry transformations are thus trivial if we compute them in terms of δz and δz. The constraint (1.12) is only non-trivial for n > 1. Its variation is
which is 0 due to the symmetry of (3.7). This finishes the supersymmetry variations of the bosonic special Kähler constraints.
Physical fermions and fermionic constraints
The first line of (2.10), using (3.27) and (3.29), is in terms of δz:
Therefore, the supersymmetry transformation of z is chiral, and we define λ α i as
leading toΩ
compatible with the S-gauge. The relation (3.35) can be inverted to
ThatΩ i has only components in the U direction implies the constraints (the primes here and below are irrelevant for n > 1 or Z z = 0)
The transformation rules for z α and λ
where
Further variations of constraints in the generic case
At the first fermionic level we have imposed the gauge choice (3.26), and found furthermore the constraints (3.37), leaving n physical fermions as shown in (3.35) and (3.36).
The variation of the S-gauge leads to the decomposition rule. Here we will determine the further constraints on the 2(n + 1) chiral multiplets in the symplectic vector. We first perform this analysis for the generic case where V, U α = 0, and treat the case n = 1 separately afterwards. The Poincaré transformations on (3.37) give
To analyse the content of these equations, we make use of lemma B.1 of [17] . This says that the 2(n + 1) × (n + 1) matrix (V, U α ) has rank (n + 1). Thus we can solve (3.40) for half of the components ofỸ ij andF − ab . Straightforward variation of these two equations under Poincaré supersymmetry yields a set of new constraints:
Varying constraint (3.41) yields
The variation of (3.42) gives Then we have imposed the constraints (1.4)-(1.6), (1.12) and their supersymmetry partners. The new counting is in table 2. All the symplectic sections are first reduced to (n + 1) rather than (2n + 2) degrees of freedom, as inner products with V and with U α are removed by the constraints. The symplectic vector V is further reduced to n complex variables z α , by constraints which we have interpreted as gauge choices of dilatations and chiral U(1). These invariances have thus disappeared, and in the upper part of the table we should thus no longer subtract from degrees of freedom of the vierbein and of A µ . Similarly, the constraint V ,Ω i = 0 removed a spinor doublet from the degrees of freedom ofΩ i , but this breaks the S-symmetry, and thus the gravitino still has 24 degrees of freedom. As a result, the superconformal invariance is reduced to super-Poincaré. The super-Poincaré multiplet contains the graviphoton, which resides in V ,F − ab . Similarly the other internal products withV can be seen as auxiliary fields of the 40 + 40 off-shell super-Poincaré multiplet. In other formulations [19, 7] they are expressed in terms of another compensating multiplet. This compensating multiplet is then also used to gauge fix the SU(2) invariance which we have not broken here. 
Symplectic section of constrained chiral multiplets (16 n + 16 n) z 
Further variations of constraints in the special case
Now we continue the analysis of the supersymmetry transformations on special Kähler constraints for supergravity theories with Z z = V, U z = 0. This can only happen for n = 1, because that is the only case where this condition is not equivalent with (1.12). Because n = 1, U α and D α can be replaced by U z and D z . The computation of the special Kähler constraint goes along the same track as for the generic case, but extra terms appear because of the weaker constraint. The new contributions appear for the first time after the supersymmetry variation of (3.37):
In terms of V ′′ the constraints will have the same form as before:
Then, one finds
where we have used that
Note that these are the analogues of (3.42) and (3.41). Equation (3.48) can be replaced by
Using the notation
the variation of (3.49) now gives
Straightforward variation of constraint (3.48) gives
This can be rewritten in
The generalized Bianchi identities combined with the special Kähler constraints
In this section we start by imposing the reduction constraints on the chiral multiplets. Because the constraints on the field strengths are Bianchi identities, this linear multiplet of constraints is called the generalized Bianchi identities. We combine these constraints with the special Kähler constraints of section 3. Together they give the field equations of n vector multiplets and expressions for the auxiliary fields χ i and D. We derive this for the generic case V, U α = 0. We comment on the supergravity equations of motion in this generic case. Finally, we give the equations for the special case where V, U α = 0.
The field equations for the generic case
To see what follows from equations (2.11)-(2.14), we take the symplectic inner product of these equations with the basis W. The 4 components of equation (A.6) give 4 equations for each constraint.
From the first identity we learn that the sectionỸ ij is totally constrained, as it should be because it is auxiliary. We havẽ
It is more interesting to take a look at (2.12). Taking the symplectic inner product of this equation with all components of the basis W (3.3) , and using the special Kähler constraints of section 3.3 and (4.1) gives:
and
is the Kähler 1-form. The first two equations in (4.2) imply with (3.42) and (3.41) that all components of Λ i are expressed in terms of other fields, and thus they contain no independent degrees of freedom. The third expresses χ i in terms of other fields. In a superconformal calculation using a Lagrangian, this expression for χ i can be found from the equation of motion of the fermion of the compensating vector multiplet. The fourth equation is the field equation for n fermion doublets λ β i .
We now proceed with the analysis of (2.13). We first repeat that (3.40) implies that there are (n + 1) independent antisymmetric tensors in the symplectic vectorF ab . Apart from these there is another antiself-dual tensor in the Weyl multiplet T ij ab . A few definitions make (2.13) more transparent. First define the combination in brackets aŝ
Then we take out covariantization terms:
This is chosen such that covariant derivatives in (2.13) can be rewritten as ordinary derivatives, and the equation reduces to
Applying this on the n + 1 independent components ofF µν , implies that they can be expressed in terms of n + 1 vectors. The other (n + 1) equations of (4.7) are the equivalent of field equations for these vectors. Here, it is clear how our formulation keeps the symplectic covariance. Only in the interpretation do we distinguish one half of the equations as Bianchi identities and the others as field equations. These could have been interchanged giving the 'magnetic dual formulation'. Also the fact of whether or not a prepotential exists is hidden here. The difference is seen only when breaking the symplectic formulation in finding an explicit solution of equations (3.40).
If the (n + 1) × (n + 1)-matrix, formed by the upper part of (V , U α ) is invertible, then (3.40) expresses the (n + 1) lower components of F − ab in terms of the upper ones. This is the case where there is a prepotential. When this matrix is not invertible 7 , then one can still solve (3.40) for other (n + 1) components ofF − ab . We thus conclude that we have n + 1 on-shell vectors and their field equations also depend on the 6 degrees of freedom of the tensor T ij ab of the Weyl multiplet. Now let us have a look at (2.14). It involves the covariant Laplacian,
To derive this expression, we used a theorem on covariant derivatives in the second reference of [10] . We can again take the symplectic inner product of (2.14) with W:
As proven in [17] , it is only the matrix f I αX I that is always invertible.
The first two equations, together with (3.44) and (3.43) (which can be simplified using the second equations in (4.2)) determine thatC is completely determined in terms of other fields. The real and imaginary part of the third equation have both to be 0. The real part constrains the divergence of Q µ − A µ , and the imaginary part gives an expression for the D-field of the Weyl multiplet. (D is hidden in the f µ µ -term.) The fourth equation of the expansion in terms of W gives the field equations for n complex scalars. So we find the same structure in the equations as for the fermions: n + 1 equations expressC in terms of other fields, while the n + 1 other equations give the field equations for n complex scalars z α , an expression for D and a constraint for
The degrees of freedom are described in table 3.
Comments on the supergravity equations
Using the results of the previous section, we comment on the appearance of equations of motion for the remaining 24+24 components of table 3 from one symplectic invariant constraint 10) which gives rise to a 24 + 24 'current' multiplet. The ≈-sign is used to denote that we only expose the linear terms. This already shows the essential features of this symplectic covariant formulation. With the linearized approximation we mean that we keep terms with an arbitrary power of undifferentiated scalar fields or metric, but only linear in other fields. In a full treatment of N = 2 supergravity couplings the right-hand side of (4.10) would, for example, contain an additional coupling to hypermultiplets. To discuss the supersymmetry partners of (4.10), we derive a new N = 2 multiplet with 24 + 24 components. The multiplet starting with the symplectic expression V,F + ab is a supergravity realization of this multiplet. As shown below the supermultiplet of constraints derived from (4.10) is only equivalent to the supergravity equations of motion, up to integration 'constants'. These 8 + 8 remaining unknowns can be determined when one of the three possibilities of a second compensating multiplet is introduced as in [19, 7, 9] . In our approach this is the place where the second compensating multiplet, which is also needed for consistency in the Lagrangian formulation, comes into play.
A restricted chiral self-dual tensor multiplet
The supermultiplet structure of the 'current' multiplet from (4.10) is that of a chiral self-dual tensor multiplet,
It has the following field content. A + ab is a self-dual complex tensor with 6 degrees of freedom. ψ abi has 24 left-handed fermionic components. The tensor B abij has 18 components. The tensor F ab cd is self-dual in its first and antiself-dual in its second pair of indices, leading to 9 complex components. It also satisfies the following properties:
A general component of this self-dual-antiself-dual tensor F ab cd can thus be written in terms of the traceless symmetric part F (ab) with 9 components. The fermion χ abi has again 24 left-handed components and C + ab has 6. So, this is a chiral multiplet with 48 + 48 components.
The transformation rules of this multiplet are the same as for a chiral multiplet with a complex scalar as lowest component, but with the components replaced straightforwardly:
Since we have broken superconformal symmetry to super-Poincaré and SU (2), we only need a super-Poincaré version of this multiplet. Note that it cannot be extended to a superconformal one. The commutator of a supersymmetry and a special supersymmetry has to give a Lorentz transformation that can never be realized because of the duality and chirality properties of the spinors. For this reason, it is only possible to construct an antiself-dual chiral tensor multiplet, realizing the superconformal algebra, as given in [22] .
To study the field equations of the fields of table 3, we need a multiplet with 24 + 24 components. A suitable multiplet of constraints is:
These are the analogues of the constraints (5.4) in [22] . This set contains (9 + 6 + 9) + 24 equations. The constraint for F ab cd splits up in a part symmetric in (bd) (6 independent equations) and an antisymmetric part in [bd] (3 independent equations), which correspond to the real and imaginary part of F ac :
As far as we know, this reduced multiplet is a new representation of the rigid N = 2 algebra. An explicit supergravity realization of this reduced multiplet is given by
In deriving this multiplet we used the constraints of sections 3 and 4. The expression for B abij satisfies constraint (4.15), which is a Bianchi identity that expresses the existence of SU(2)-vectors. The expression for F ab cd fulfils (4.12). It also satisfies (4.18) when the third equation of (4.9) for (Q µ − A µ ) is used. Therefore, the multiplet derived from V,F + ab has 24 + 24 components.
Some comments on the multiplet of equations from
Putting the 'current' multiplet (4.20) to zero, will give rise to some supergravity field equations. These are 24 + 24 equations for the 24 + 24 remaining degrees of freedom of table 3. The counting in this table subtracts the gauge degrees of freedom. The multiplet here is a multiplet of curvatures and the counting is equivalent if we take into account the Bianchi identities. However, our equations are not equivalent to the complete supergravity equations of motion. They differ modulo 'integration constants'. These can be determined when a second compensating multiplet is coupled [7, 19] . Since this step is independent of the symplectic formulation of the coupling of vector multiplets to supergravity, we do not treat it here.
Let us give a brief discussion of the content of the equations following from (4.10). Equation (4.10) reduces 6 degrees of freedom. It expresses the 'graviphoton' field strength T abij as a combination of the n + 1 on-shell vectors obtained above. It is the symplectic expression for the algebraic equation of motion that one finds in the Lagrangian approach, (4.11) in [9] .
Using (4.2) in (2.1) with
in the second component of the current multiplet gives that Together with the Bianchi identity for the SU(2) curvature it states that the gauge fields V µ i j are pure gauge, i.e.
where ϕ is a group element of SU(2). The three local parameters defining ϕ are left undetermined. F ab cd has its components in the traceless part of F (ac) . From F ab cd ≈ 0 follows
The imaginary part is the traceless part of the Einstein equation. Again we cannot determine the scalar curvature R from this equation. However, combining this equation with the Bianchi identity for the Einstein tensor
and again R is determined up to a constant. The real part of the F -component gives that A µ ≈ Q µ up to a constant vector. Also in the Lagrangian approach [9] , one finds
The metric in front of the kinetic term of the scalar in the fourth equation is positive because of the physical condition (3.2). Again, all these equations reduce to the equations of section 4.1 if Z z = 0 and the same conclusions can be drawn as in section 4.1. Therefore, we conclude at this point that the 'special case' is a valid alternative for a theory with N = 2 supergravity and one vector multiplet.
Conclusions
We have presented a fully symplectic invariant formulation of the coupling of an arbitrary number n of vector multiplets to N = 2 supergravity in 4 dimensions by using superconformal tensor calculus. This approach does not start from a prepotential, but rather from a 2(n + 1) symplectic vector of chiral superconformal multiplets. We imposed the reducibility constraints (2.11)-(2.14) of chiral multiplets in supergravity to end up with vector multiplets in a superconformal background. Furthermore, we imposed the symplectic covariant defining equations of special Kähler geometry, and supersymmetric partners thereof. The bosonic defining equations include a breaking of dilatations and U(1)-transformations, the special conformal symmetry being broken as usual by imposing a constraint (3.23) on the dilatational gauge field. In the fermionic sector, one of the constraints, (3.26), breaks special supersymmetry. This results in unbroken Poincaré supersymmetry and SU(2) gauge symmetry. The other constraints are determined by demanding the preservation of the Poincaré supersymmetry. The combination of all the special Kähler constraints (1.4)-(1.7) and their supersymmetric partners with the generalized Bianchi identities of the chiral multiplets gave rise to a full set of field equations for the vector multiplet fields.
Furthermore, we also discussed part of the equations of motion for the gravity sector. This could be done by imposing a new symplectic constraint (4.10) and its supersymmetric partners. The full analysis would need a second compensating multiplet.
Finally, we did the same analysis for a weaker definition of the special Kähler constraints where the constraint (1.7) is replaced by (1.12) . This is a weaker constraint for the case of one physical vector multiplet. In appendix C of [17] two examples were given where (1.7) is not satisfied. They are not suitable for illustrating non-trivial aspects of our construction. The first example does not fulfil the positivity condition (3.2). The second example does agree with our definition, but is trivial in the sense that there D z U z = 0. Therefore, the extra terms that appear in this paper are absent for this model. A nontrivial realization of our new models can e. However, this follows from the 'physical' condition on the sections that leads to the right signs for the kinetic energy of the scalars and the vectors, cf (3.2). Now that we have a basis, we can expand every symplectic vector in this basis. Take a generic symplectic vector X A , where the index A denotes a generic index. It is again useful to separate two cases. In this case we better use the basis
The same formulae hold as above, when replacing g αβ with g ′ zz .
